MEASURE THEORY ON GRAPHS 



ILWOO CHO 



Abstract. The main purpose of this paper is to introduce several measures 
determined by the given finite directed graph. We will introduce three mea- 
sures fiQ, fj,Q- and fi, for the given graph G. Those three measures are de- 
pending on the new algebraic structures, determined by G, so-called the di- 
agram set, the reduced diagram set and the free semigroupoid, respectively. 
Let F+(G) be the free semigroupoid of G consisting of the empty word 0, 
the vertex set V(G) and the finite path set FP(G), under the admissibility. 
For each element w in F+(G), we have the graphical image 5 W of m on I 2 . 
The set D(G) of such elements is called the diagram set and it is a quotient 
semigroupoid of F+(G). On D(G), we can define a G-measure fi G = d U A, 
where d is a weighted degree measure on V(G) and A is the diagram length 
measure on D(G) \ V(G). Then it is a positive bounded measure. For the 
given graph G, we can determine the suadowed graph G = G U G , where 
G _1 is the opposite directed graph (or shadow) of G. Then similar to the 
previous construction, we can construct the free semigroupoid F + (G ) of G 
and the diagram set D(G ) of G . Define the reducing relation on D(G ) and 
construct the reduced diagram set D r (G ). Then it is a groupoid. On it, de- 
fine the graph measure {1q- = d U A r , where d is given as above and A r 
is the reduced-diagram-length measure on D r (G ) \ V(G ). Then it is also 
a bounded positive measure on D r (G ). Futhermore, the measure fi G can be 
regarded as a restricted measure of n G - on F+(G) C F+(G ). In Chapter 3, we 
observe the graph integral of graph measurable functions with respect to the 
graph measure Hq~ . In Chapter 4, we introduce the restricted measure of the 
graph measure, so-called subgraph measures. In Chapter 5, we will extend the 
graph measure n G - as a measure fi defined on the free semigroupoid F + (G ) 
of G . Different from the graph measure fj,Q- , this extended measure fi is a 
locally bounded positive measure. Also, we briefly consider the integration 
with respect to this measure. 

Let G be a finite directed graph, with its vertex set V{G) and its edge set E(G). 
Throughout this paper, we say that a graph is finite if | V^(C) | < oo and |-E(G)| 
< oo. Let v £ y{G) be a vertex. The vertex v has degree m if it has m-incident 
edges and denote it by deg(w) = to. If v is isolated without the incident edges, then 
define deg(u) = 0. On the graph G, we can have a finite path w = e\ e<x ... e/c, 
where ei, are admissible directed edges in E(G). Define the length of w by k 

and denote it by \w\ = k. The length of a finite path is nothing but the cardinality 
of the admissible edges constructing the given finite path. Suppose the finite path 
w has its initial vertex (or the source) v\ and its terminal vertex (or the range) 
V2- Then we write w = v\ w vi to emphasize the initial vertex and the terminal 



Key words and phrases. Finite Directed Graphs, Degree Measures, Diagram Measures, Graph 
Measures, Graph Integration. 

I really appreciate all supports from Saint Ambrose University. I also thank Prof. T. Anderson 
and Prof. V. Vega for the useful conversation. 

1 



2 



ILWOO CHO 



vertex of w. Sometimes, we will denote w — vi w (or w = w V2), for emphasizing 
the initial vertex of w (resp. the terminal vertex of w). Notice that the finite path 
w can be expressed as the word in E(G). Define the set FP(G) of all finite paths. 
Then 



Let wi and w 2 be in V(G) U FP(G) and assume that the word w\ w 2 is again 
contained in V(G) U FP(G). Then we say that w\ and w 2 are admissible (or they 
are connected under the ordering (1, 2), where 1 and 2 are indices of W\ and w 2 ). 
Note that, in general, even though w\ and w 2 are admissible, w 2 and w\ are not 
admissible. However, if w\ and w 2 are loop finite paths and if w\ and w 2 are 
admissible, then w 2 and w\ are admissible, too. However, w\ w 2 ^ w 2 w\, in this 
case, because the directions of them are different and hence they are different finite 
path. We say that edges ei, are admissible if there exists a finite path w = 

e\ ... ek with \w\ = k. 



Define the free semigroupoid F+(G) = {0} U V(G) U FP(G), with its binary 
operation (•), the admissibility, where is the empty word in V(G) U FP(G). 
The binary operation is the admissibility (or connectedness) of elements in V(G) 
U FP(G) defined by 



The main purpose of this paper is to introduce the measures on a finite directed 
graph. Define the diagram map S : F+(G) — > F+(G) by w h-> 5 w , where the diagram 
S w of w is nothing but the graphical image of w in M 2 , on the given graph G. The 
image D(G) of 5 is a subset and it also has its admissibility, as binary operation, 
inherited by that of F + (G). i.e., S w 5 W > = 5 WW >. Thus the diagram set D(G) with 
admissibility is again an algebraic structure. 

In Chapter 1, we will define the measure fi G on D{G). It is defined by d U A, 
where d is the degree measure on V(G) and A is the diagram length measure on 
D(G) \ V(G). Simply, d is determined by degrees of vertices and A is determined 
by so-called the diagram length, i.e., 



where ^) = dcs - ( ^f°" t( " } and L(w) = W(w) ■ f(w), where w = 5 W G 



D(G) and W is the corresponding weighting map of w and / is the length function 

def 

on Dfp(G) = D(G) \ V(G). Here, the sets Sv and Sfp are subsets of V(G) and 
Dfp(G), respectively. So, the bounded positive measure [i G is defined by 



FP(G) - U~ 1 FP n {G) 



where 



FP n (G) = {w : \w\ = n}. 




d(Sv) = E mm and A (^^) = £ H«>) 
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M G (S) = d(S') + A(S"), for all S C D{G) 

where S' = V(G) D S and S" = FP{G) n S. It is automatically defined that 
/x G (0) = 0. 

For the given graph G, we can define the shadow G -1 of it, as an opposite directed 
graph of G. Also, we can have a new finite directed graph G with its vertex set 
V(G~) = V(G) and its edge set E{G~) = E{G) U E(G~ 1 ). It is called the shadowed 
graph of G. By regarding G as a finite directed graph, we can construct the free 
semigroupoid F + (G ) of G and similar to the previous discussion, we can get the 
graph measure /i G - = d U A on D r (G ), where D r (G ) is the reduced diagram 
set. Remark that the free semigroupoid F + (G ) of the shadowed graph G is much 
bigger than ¥ + (G) U F + (G -1 ). However, the graph measure /i G (or n G -i) is the 
restricted measure on D{G) (resp. D{G' 1 )) of /li g - on £> r (G ). Here, the reduced 
diagram set D r (G ) is the diagram set D(G ) with the reducing property making 
all loop finite paths 6 w -i w and S ww -i be the corresponding initial-and-terminal 
vertices of them. In Chapter 2, we will consider this shadowed graph measure fi G - 
of G. This measure is also a bounded positive measure. We can show that if the 
finite directed graphs Gi and G2 are graph-isomorphic, then the measure spaces 
(G 1; fj, G -) and (G 2 , Mg 2 ) are equivalent. 

In Chapter 3, we will construct the integrals on the given graph measure space 
(G , (J.Q-). In Chapter 4, we observe the restricted measures of n G - , induced by the 
subgraphs of G . 

Finally, in Chapter 5, we construct a new graph measure /i = dUw now on 
the free semigroupoid F + (G ) of the shadowed graph G . The construction is very 
similar to fj, G - . However, this measure [i on F+ (G ) is just a locally bounded positive 
measure, in general. Here d is the degree measure on V(G ) defined before. The 
weighted length measure u is defined similar to A r as follows; 

lo(S) = £ W(6 r Jf(S r J, for all S C FP(G). 

w<£S 



1. The Diagram Graph Measures 



In this chapter, we will construct the diagram graph measure. Throughout this 
chapter, let G be a finite directed graph. The free semigroupoid F + (G) of G is 
defined as in Introduction. We will determine the measure [i G on D(G), where 
D(G) is the diagram set of G. The measure space (D(G), P(D(G)) /i G ) is the main 
object of this chapter, where P(X) means the power set of an arbitrary set X. 
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Let G be a finite directed graph, with its vertex set V{G) and its edge set E(G). 
Let v G V(G) be a vertex. We say that the vertex v has degree m if it has m- 
incidcnt edges and denote it by deg(u) = m. There are two kinds of incident edges 
of v, depending on the direction of G. First, there are inner-incident edges e such 
that e — e v. Second, there are outer-incident edges e' such that e' = v e'. The 
inner-degree deg ira (v) of the vertex v is defined by 

de gi » = \{e e E(G) : e = ev}\ 

and the outer-degree deg out (v) of v is defined by 

deg out (v) = \{eeE(G):e = ve}\. 

The degree deg(w) of v is the sum of deg in (v) and deg out (v), 

dcg(v) = deg m (v) + deg out (v). 

If v is isolated without the incident edges, then deg(w) = 0. Since the given graph 
G is finite, 

deg(w) < oo, for all v G V(G) 

and 

E ^<\V(G)\-\E(G)\<oo. 



Definition 1.1. Let G be the given finite directed graph and F+(G), the corre- 
sponding free semigroupoid of G and let w G F + (G). Define the diagram S w of w 
by the graphical image of w on the graph G. We say that the element w in F + (G) is 
basic if the diagram S w of it is w, itself, on G. Define the set Dk{G) of all diagrams 
with length k by 

D k {G) = {S w :\8 W \ = k}, for all k G N. 

Remark that, by regarding S w as a finite path, we can determine the length \5 W \ 
of the diagram S w . The set D(G) of all diagrams is defined by D(G) — {0} U (U^L 
D n (G)), where 

D (G) = f {S v : v G V(G)} = V(G). 
Denote D{G) \ (V(G) U {0}) by D FP {G). i.e., D FP (G) = D(G) n FP(G). 

Notice that there exists N G N such that 



D(G) = U» =Q D n (G), 
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since G is a finite graph. 

Let's discuss about the differences between FP(G) and Dfp(G). Assume that I 
£ E{G) is a loop-edge. Then it has its diagram Si = I on G, because the diagram 
Si of I is I, itself on the given graph G. In fact, by definition, S e = e, for all e £ 
E(G). In other words, E(G) = D±(G) C D(G). So, as a finite path, the loop-edge 
I is basic. However, the diagram dp of the finite path I 2 (with its length 2) is I = 
Si on G, because the finite path I 2 also has its graphical image I on G. So, in this 
case, the diagram Sp of I 2 is exactly same as the diagram Si of the basic finite path 
I. More generally, all diagrams S t k of loop finite paths l k , k £ N \ {1}, are same as 
i = Si of the basic finite path I. 

Example 1.1. Let e = v\ev^ £ E(G), with v\ ^ v-i in V(G) and let I = v^lvi £ 
FP(G) be a loop finite path. Then the finite paths e and I are admissible, i.e., the 
finite path el £ FP(G). Assume that there exists a basic loop finite path w = «2 
w V2 such that I — w k , for some k £ N, in FP(G). Then the diagram S e i of el is 
same as the diagram S ew , and the diagram S ew is identified with ew on G. 

Assume that v £ F + (G) is a vertex of G. Then the diagram S v of v is always v 
on G. Also, if e £ F+(G) is an edge contained in E(G), then the diagram S e of e is 
e on G. Now, we can define the diagram map 

S : F+(G) — > D{G) by the map sending w to S w , 

which is a surjection from F + (G) onto D(G). If w\ and w 2 have the same diagram 
on G, then S Wl = S W2 on G. We can easily get that; 

Lemma 1.1. (1) If v £ V(G), then S v — v on G. 

(2) Ife£ E(G), then S e = e on G. 

(3) An element w £ F + (G) is basic if and only if 5 W — w on G. 

(4) If w £ F+(G) is not basic, then there exists a unique basic finite path w £ 
F + (G) such that S w — 5 Wo on G. 



Proof. It suffices to prove the uniqueness in (4). The existence is guaranteed by 
(3). i.e., the diagram S w of w in D(G) is the basic element having the same diagram 
with that of w. i.e., S w = S$ m . Suppose that w\ and W2 are basic elements such that 
^toi = $w = b"w 2 - By the basicness of w\ and u>2, we have w\ — S Wl = S W2 = u>2- I 

By definition of finite directed trees, D{G) = F+(G), whenever G is a tree. 
Proposition 1.2. Let G be a finite directed tree. Then F+(G) = D(G). □ 
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We will construct the measure /1q on the free semigroupoid D(G) of the finite 
directed graph G. First, consider the length function / on D(G). Define this map 

/ : D(G) - R 

by 

f(w) = k, for all w e D k (G). 

Remark that there exists N G N such that D(G) = U^ =0 D n (G), for any finite 
graph G. Moreover, since G is finite |Pfc(G)| < oo, for all k = 0, 1, iV. So, we 
can define the following map F : P (D(G)) — > N, 

^(S)= £/(*), 

<5es 

for all S e P (D(G)) , where P (D(G)) is the power set of D(G). For instance, if 
S = {Si, S 2 } and if Sj E D kj (G), for j = 1, 2, then 

F(S) = h + k 2 eN. 
This map P is called the diagram-length map. 

Lemma 1.3. Let G be a finite directed graph and let D(G) be the set of all diagrams 
on G. Then the map F is bounded, i.e., F(S) < oo, for all S G P (D(G)) . 



Proof. Let's take S = D(G), the largest subset of D(G). It is sufficient to show 
that P (P(G)) < oo. Observe 

P (P(G)) = P (uf =0 P fc (G)) = Etc F (Pfe(G)) 
for some N G N, since Pfc(G)'s are mutually disjoint 

= 0-|y(G)| + Ef=ifc|^(G)| 
since F(D fc (G))= E /(*) = * • \D k (G)\ , for all k = 0, 1, N, 

6eD k (G) 

< oo, 

since G is finite and hence Pfc(G) has the bounded cardinality, for all k = 1, 
TV. | 



Define the weighted diagram-length function L on D(G). 
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Definition 1.2. Let G be a finite directed graph and¥ + (G), the corresponding free 
semigroupoid ofG and let D{G) be the set of all diagrams on G. Let F : P(Dfp(G)) 
— > N be the diagram-length map defined above. Let w = e\ ... be a basic finite 
path with admissible edges ei, e^, where k e N. Define the weighting We ■ E(G) 
— > (0, 1) by W E (e) = r e , where (0, 1) is the open interval in K. More generally, 
define the weighting map W : Dpp(G) — ► (0, 1) by 



W{w) 



W E {w) ifweE{G) 
TL k i=l W E {ej) ifw = ei...e fc £ L> FP (G) 



Define the weighted diagram-length map (in short, WDL-map) L : P {Dpp{G)) 
-> (0, 1) &y 

L(S) = J E W(w)f(w), for allSEP (D FP (G)) . 

The unweighted diagram-length map (in short, UWDL-map) L u on P{Dfp{G)) 
is defined by L u (S) — F (S) , for all S in P (D FP (G)) . 



By definition, we can get that; 

Lemma 1.4. Let G be a finite directed graph and the map L : P {Dpp(G)) 
be the WDL-map. Then it is bounded. The UWDL-map L u is also bounded. 



Proof. It suffices to show that L (Dpp(G)) is bounded. By definition, we have that 
L(D F p(G))= £ W(w)f(w)<^, 

w£D FP (G) 

since the diagram set D{G) has a finite cardinality and so does D F p{G). Simi- 
larly, we can show that 



L u (D FP (G)) = F (D FP (G))) = F (u% =1 D k (G)) < oo. 



Now, we will define the measure \i G on D(G). 

Definition 1.3. Let G be a finite directed graph and let D(G) be the corresponding 
diagram set of G. Define the degree measure d on the vertex set V(G) by 

d(S) = E f^fg, for all S C V(G). 
Also, define the weighted measure A on the finite path set D{G) fl FP{G) by 
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A(S) = L(S), for all S C D F p(G). 

The unweighted measure A u on FP{G) by 

A U {S)=L U (S), for all S C D FP (G). 

Finally, we have the (weighted) graph measure (or G-measure) \i G on D(G), 
denoted by d Li A, defined by 

Ai G (S*) = d(S v ) + A(Sfp), for all S C D(G), 

where Sy = S P\ V(G) and Sfp = S D Dpp{G). Similarly, the unweighted G- 
measure /z G is defined by d U A„. 

The G-measure \i G and fi G are indeed bounded measures on D{G). Instead of 
using P(D(G)), we will use the quotient set P (F+(G)) / K. 

Theorem 1.5. The G-measure fi G is a bounded positive measure on P (D(G)) . 
The unweighted G-measure \x G is also a bounded positive measure on P (D(G j) . 

Proof. To show that \i G = dUA is a measure on D(G), we will check the followings; 

(i) V G ( S ) > °; for a11 s C D(G). If S is a subset of D(G), then there always is 
a separation Sy and Sfp of S, where Sv = V(G) (~l S and Sfp — Dpp{G) fl 5, 
such that S v U S F p = S and S v H Sfp = 0. So, 

H G (S)=d(S v ) + A(S FP )= E WW/M>0. 

(ii) For any 5 C D(G), £t G (S) < oo. We need to show that [i G (D(G)) < oo. 
We have that 

Mg (D(G)) = d (V(G)) + A (D FP (G)) . 
By the previous lemma, A(D F p(G)) < oo. Also, 

d(V(G))= E $$&<\V(G)\-\E(G)\<oo, 
vev(G) 1 v ; 

since G is a hnite graph. Therefore, [i G (D(G)) < oo. 

(iii) Let (S n )^ =1 be a mutually disjoint sequence of subsets of D{G). Then 

A*G (U~ = A^G ((U~ !S n ,v) U (U~ iSn.fp)) 

where S„,y = V(G) n S„ and S„,fp = D F p(G) n S„, for all n e N 
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= d(U% =1 S n , V ) + A (U~ iSn.jrp) 

by the definition of fi G = d U A 

by the definition of d and A and by the disjointness of {S n ,v}^ = i and {S n ,Fp}%Li 

By (i) and (iii), the G-measure /i G = d U A is a measure on D(G), and by (ii), 
it is a bounded measure on D(G). | 



Definition 1.4. Let G be a finite directed graph. The triple (D(G), P (D(Gj) , fj, G ) 
is called the graph measure space (in short, G-measure space). For convenience, the 
triple is denoted by (G, fj, G ). 



Proposition 1.6. Let (G, pi G ) be a G-measure space. Then the G-measure /i G is 
atomic, in the sense that, for all S C D(G) \ {0}, < H G (S) < oo. □ 



2. Reduced Diagram Graph Measures 



Throughout this chapter, let G be a finite directed graph and let F + (G) be the 
corresponding free semigroupoid. In this chapter, we will construct the shadowed 
graph G of the given graph G, as a new finite directed graph. By constructing 
the free semigroupoid F + (G ) of the shadowed graph G , we can define the free 
groupoid F + (G ) of the given graph G. Similar to the previous chapter, we can 
have the G -measure space 

(G\ Mg ) - (D r (G~), P(D r (G)), Mg ). 

But the graph measure \i G ~ is defined slightly differently To define this G - 
measure /i G - = d U A , (in particular, to define A ), we will use the reduced 
diagrams D r (G ), instead of using the diagrams D{G ). 
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2.1. Shadowed Graphs. 

Let G be the given finite directed graph and F + (G), the corresponding free 
semigroupoid. 

Definition 2.1. Let G be the given graph. Then the shadow G -1 is defined by a 
graph with 

ViG- 1 ) = V{G) and E{G- X ) = {e" 1 : e G E(G)}, 

where e _1 is the opposite directed edge of e. i.e., the shadow G _1 is the opposite 
directed graph of G. 

Let e = Viev2, with v\, V2 £ V(G). Then the opposite directed edge e _1 of e 
satisfies that e _1 = V2 e _1 v\. Notice that the admissibility on G _1 is preserved 
oppositely by that of G. i.e., the finite path w^ 1 = e^ 1 ... e^ 1 is in FP(G^ 1 ) if 
and only if w = ... e\ is in FP{G). More generally the element w^ 1 — w^ 1 ... 
WjT 1 is in F + (G _1 ) if and only if w = Wk ■■■ W\ is in F + (G). 

Proposition 2.1. |F+(G- 1 )| = |F+(G)| . 



Proof. By definition, the free semigroupid F+(G" 1 ) of G" 1 is {0} U V(G) U 
FP(G _1 ). So, it suffices to show that 

\FP(G-i)\ = \FP(G)\. 

There exists a natural map from FP(G) onto FP(G^ 1 ) defined by w i— > ur 1 . 
Since the admissibility on G _1 is preserved oppositely by that of G and since we 
can regard G as (G -1 )" 1 , the map w i— > w~ x is bijective. So, the above equality 
holds. | 

Since \S (F + (G -1 )) | = \S (F+(G))| , where 5 is the diagram map, we can get that; 

Corollary 2.2. |£>(G _1 )| = \D(G)\ . □ 

By the previous two results, we can get that; 

Theorem 2.3. The graph measure spaces (G, /j, g ) and (G _1 , Mg- 1 ) are equivalent. 
□ 

Now, let's define the shadowed graph G of G. 
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Definition 2.2. Let G be given as above and let G 1 be the shadow of G. Define 
the shadowed graph G by the directed graph with 

V(G') = V(G) = V(G- 1 ) and E(G~) = E(G) U E(G^ 1 ). 

Notice that F+(G") ^ F+(G) U F+(G" 1 ), since we can also take a mixed finite 
path wY w % 2 ... w l ™ , where (ii, i m ) G {1, — l} m is a mixed m-tuplc of 1 and 
-1, in F+(G~). Such mixed finite paths arc not contained in F+(G) U F+(G" 1 ). 
Therefore, in general, 

F+(G") 3 (F+(G) UF+(G- 1 )) . 



2.2. Reduced Diagrams on the Shadowed Graph. 

Let G be the given finite directed graph and G _1 , the shadow of G, and let G 
be the shadowed graph of G. Like Chapter 1, we can define the diagram D(G ) of 
G , as the image of the diagram map 5 : F + (G ) — > D(G ) defined by w i— » S w . On 
this diagram set D(G ), we will give the reducing process and we will define the 
reduced diagram set D r (G ) of G . This reduced diagram set D r (G ) is a groupoid, 
under the admissibility inherited by that of D(G), with the reducing property. 

Definition 2.3. Let G, G _1 and G be given as above and let F + (G ) be the 
free semigroupoid of G . Let 5 : F+(G ) — > D(G ) be the diagram map defined in 
Chapter 1, for the finite directed graph G . Define the reduced diagram map S r : 
F+(G") - D(G~) by 

w^S r w = S w ,y w e F+(G) U F+(G- 1 ) 

and 

(2.1) w~ 1 w t-> S r w -i w = S v and ww^ 1 8 r w -i w = 5 V * , 

for all w = v'wv G FP(G) and w^ 1 = vw~ 1 v' G FP(G _1 ), with v, v' G V(G), 
and 

Wi w, -C 1 — >o i% i2 i = dx . . , 

1 z 11 w, L w z ...w^ 1 *i * n 

L Z 1W 1 ...W n 

for the n-tuple i n ) G {1, —1}™, for all n G N. The image 8 r w of w 

in F + (G) is called the reduced diagram of w. Define the set D r (G) of all reduced 
diagrams by the image 5 r (F + (G )) of S r . i.e., 



D r (G) d = f 8 r (F+(G")) = S r (<5(F+(G"))) = S r (D(G~)) 
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2.3. Reduced Diagram Graph Measure Spaces. 

Let G, G -1 and G be given as above. Then we can define the reduced diagram 
graph measure fi G - by n G = d U A . 

Definition 2.4. Let G be the shadowed graph of a finite directed graph G and let 
A be the reduced diagram length measure defined by the diagram length measure 

on D PP (G ) d = D r (G ) n FP(G ). Define the reduced diagram graph measure 
H G by d U A . i.e., 

Mg- (S) = d(S v ) + A~ (S fp ), 

for all S C D r (G'), where S v = S n V{G~) and Sfp = S D D fp {G~). The 
triple (D r (G ), P (D r {G )) , H G ~) is called the reduced diagram graph measure 
space of the graph G (in short, G -measure space ofG), denoted by (G , /i G -). 

Then, similar to Chapter 1, we can get that; 

Theorem 2.4. Let (G , /% ) be the G -measure space of G. Then /i G ~ is bounded 
positive measure on D r (G ). Ln particular, this measure is atomic, in the sense 
that, all subsets S in P [D r {G )) , which is not {0}, have bounded measures. □ 

The key idea to prove the above theorem is to understand the reduced diagram 
set D r {G ) has finite cardinality. We can use the same techniques used in Chapter 
l.By definition, the following proposition is easily proved. 

Proposition 2.5. Let jjL G and /i G -i be the G-measure on D(G) and the G^ 1 - 
measure on D(G~ 1 ), respectively. Then the G -measure fj, G - satisfies that fj, G - = 
[i G on D(G) and n G - — /U G -i on D(G^ 1 ). □ 

Let Gi and Gi be finite directed graph and G 1 and G 2 , the shadowed graphs 
of Gi and G2, respectively. Assume that G\ and G2 are graph-isomorphic. i.e., 
there exists a graph-isomorphism ip : G\ — > G2 such that (i) (p is the bijcction from 
V{G\) onto V(G 2 ), (ii) (f is the bijection from E{G\) onto E(G 2 ), (in) for v, v' 
G V(Gi) such that e = v e v' in E(G\), tp(e) = ip(v) ip(e) <p(v'). i.e., ip preserves 
the admissibility. Then the Gj-measure (resp. Gi-measure) and G 2 -measure (resp. 
G2-measure) are equivalent. 

Theorem 2.6. Let G\ and G2 be graph-isomorphic finite directed graphs. Then the 
shadowed graph measure spaces (G l7 /U G -) and (G 2 , I jl g 2 ) are an equivalent measure 
spaces. In particular, the graph measure spaces (Gi, /i Gl ) and (G2, Mg 2 ) are °^ so 
equivalent measure spaces. □ 
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By the definition of the graph-isomorphisms, we can easily prove the above 
theorem. The main idea is that D r (G 1 ) (resp. D(G\)) and D r (G 2 ) (resp. D(Gz)) 
arc rcduccd-diagram-isomorphic (resp. diagram- isomorphic) . In fact, we can have 
that 

Gi and Gi are graph-isomorphic 

G l and G 2 are graph-isomorphic 
=/• F+(G 1 ) and ¥ + (G 2 ) are free-semigroupoid-isomorphic 
=> ^(Gj) and D(G 2 ) are diagram-isomorphic 
=>■ D r (G 1 ) and D r (G 2 ) are reduced-diagram- isomorphic 



In [8], we discussed about it more in detail. In fact, under certain condition, 
the converses also hold true. However, without the condition, we cannot guarantee 
that the converses hold true. 



In this chapter, we will consider Measure theory on the given finite directed 
graph G, with respect to the reduced diagram graph measure space (G , /%-). Of 
course, we can consider Measure theory with respect to the graph measure space 
(G, n G ). But Calculus on (G, fi G ) can be regarded as the restricted Calculus on 
(G , jJ,Q-). So, we will concentrate on observing Measure theory on (G , /i G -). 



3.1. G -Measurable Functions. 

Let G be the given finite directed graph and G , the shadowed graph and let 
F+(G ) be the free semigroupoid of G , and (G , /j,q- ), the G -measure space. All 
simple functions g are defined by 




2 



3. Measure Theory on Graphs 



(3.1) 



.N 
n—1 



a n l Sn , for dj E M, 



where Si, Sn are subsets of D r (G ) and where 
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1 if w G Sj 
otherwise, 



which are called the characteristic functions of Sj, for all j = 1, N. All 
characteristic functions are G -measurable. And all G -measurable functions arc 
approximated by simple functions. 

Example 3.1. Let w G D r (G ). Then this element w acts as one of the G - 

measurable function from D r (G ) to R. Note that w acts on D r (G ), as the left 
multiplication or the right multiplication. So, we have two different functions gf 
and g™ on D r (G ) such that 

9T = l 8r(s™) and g™ = V(s»), 

for all w' G D r (G ), where 

Sf = {w" G ¥+(G') : ww" G F+(G")} 

and 

S? = {w'" G F+(G") : w"'w G F+(G")}. 
Therefore, the element w act as a G -measurable function g w on D r (G ) defined 

by 

9w = ls r (S™)U5 r (S?)- 

3.2. Integration on Graphs. 

In this section, we will define the integrals of the given G -measurable functions, 
with respect to the G -measure fj, G - . First, let g be a simple function given in (3.1). 
Then the integral Ig{9) of g with respect to fj, G - is defined by 

(3.2) I G (g) de = te J G - g dfi G - d = Y.n=i a ™ Mg~ i S n)- 

Since /i G ~ — d U A , the definition (3.2) can be rewritten as 

J G(g) = En=l a ^G~ ( S n) = En=l a n {d{S n , V ) + A (S„,Fp)) 

= EtiOnf E #fSr + E w(5 r jf(6 r j) . 

\ves n , v s^es n , fp ) 



Proposition 3.1. Let g\ = Ej=i ^Sj an d 52 = E^i It. be simple functions, 
where Sj 's and T% 's are subsets of D r (G ). Suppose that Sj 's are mutually disjoint 
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and also Ti's are mutually disjoint. 7/U" =1 Sj — Uflj T, in D r {G ), then Ig(9i) 
= Ig{92)- 



Proof. Observe that 

(3.3) i g (9i) = y:u( e w$j\+ £ w»/h) 



and 



(3.4) / G ( 52 ) = E™il E E ^W/W). 

By the assumption, U™ =1 Sj and U™ ^ coincide in D r (G ). Therefore, we have 
that 

(3.5) U- =1 S 3 = (U« =1 5,) y + (\J] =1 Sj) Fp 

= (U^ 1 T i ) y + (U^T;)^ 

Since {Sj}™ =l and {Tjj^j are disjoint families of P {D r (G )) , the relation (3.5) 
explains 

(3.6) 

(U? =1 S,) V = U? =1 % y 
= ^ZiT iy 
= (U£iTi) v ■ 

Similarly, we have that 

(3.7) (u^Sj)^ = U? =1 % FP = UVL&fp = (yJT=iTi) FP . 
Now, notice that 



and 



En dcgp) _ y dcgp) 

j=l ^ | V (G)| - 2^ |V( G )| 

Em y dcgp) _ y dcgp) 

l =\,aT |y(G)i ~„ P u™T |y(G)l ' 



by the mutually disjointness on {Sj,v}™ = i and {Ti,v}£Li- Similarly, by the mu- 
tually disjointness of {Sj,Fp}" = i and {T^pp}™ x and by (3.7), 
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E"=i E L(* r J= E L{w) 

w£Sj,FP weU" =1 Sj,FP 

and 

E™i E WJ= E L(w). 

Therefore, we can conclude that Ig(9i) — ^(32), by (3.5). | 

It is easy to check that, if gj — Efe=i a j-k^Sj. k , for j = 1, 2, then we can have 

(3.8) I G ( gi + g 2 ) = I G { 91 ) + I G (g 2 ) 

(3.9) I G (c ■ 9j ) = c ■ I G ( gj ), for all j = 1, 2. 

Now, let lg and It be the characteristic functions, where S ^ T in P (D r (G )) . 
Then we have that Is • It — IsnT- 

Proposition 3.2. Let gj be given as above, for j — 1, 2. Then 
Ig{9i92) = EL=i (ai,ka 2 ,i) 

( E E L~(w)). 

\"£S(i >1 .) i vnS(2 i ,) i v " , 6S(i it ) jFP nS(2 ii ) i FP y 

Proof. Observe that 

3132 = (Efe=l Ol.feiSi,*) (Er=l ft 2, l l5 2>l ) 

= Efe,i=i oi,fea2,i (ls lj)k • ls 2ji ) = Efc,i=i 0i,fea2,»lsi, fc ns 2 , 4 
So, we have that 

(3.10) 7 G ( 5 i32) = EL 
Consider 

Mg- (5i,fc n S 2 ,i) = d ((5i lfc n 5 2li )v) + A" ((S lifc n S' 2 , 1 )fp) 
= d (£(i,fc),v n 5(2,4), y) + A (^(i^j^p n 5( 2 ,fc),Fp) 

E fp^Gji + E £»■ 

»6S(i, l ) iV nS(2,j) i v »eS(i,i!),FpnS(2,i),Fp) 
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Suppose that g\ and g 2 are given as above and assume that the families {Si,fc}£ =1 
and {S2,i}i=i are disjoint family in D r (G ). i.e., 

(u£ =1 S 1;fc )n(u? =1 S 2ii ) = 0. 

Then I( 9l g 2 ) = 0. 

From now, similar to the classical measure theory, we can define the integration 
of G -measurable functions. 

Definition 3.1. Suppose that f is a positive G -measurable function., i.e., f — 
f + . Then we define the G-integral Ic(f) of f with respect to /i G - by 

lolf) de = t£ J G f da G - = sup I G {g). 

g<f, g is simple 

Suppose that f is G -measurable. Then, since / = /+ — /~, we can define the 
G-integral of f by 

I G (f) = I G (f + ) ~ I G (f-). 
Therefore, the positive G -measurable function |/| has its graph integral, 

/ G (i/D = / G (/ + ) + / G (.r). 

If the G -measurable function / satisfies 7g(|/|) < 00, then we say that this map 
/ is bounded. 

Let's observe more G -measurable functions. If g is a G -measurable function 
on D r (G ), then the support of g is denoted by D r (G : g). First, consider the 
polynomial gi(x) = g x on D r (G ), where g x = h r (Sf)u6 r (S?)- This polynomial gx 
maps all w in F+ (G ) to g w . Then, we can have the G -measurable function gi on 
D r (G~) defined by gi (w) = lr(s™)u^(s™), f° r all w G D r (G). 

(3.11) I G ( 9l )= E n G -(5 r (S?)li6 r (S?))), 

w£D r (G~) 

by the previous proposition. Notice that the support D r (G : g\) of g\ is iden- 
tified with D r (G ). 

Now, let g 2 (x) = gs r on D r (G ). This polynomial g 2 has its support 



D r (G : g 2 ) = {w e D r (G ) : w e V(G) or to is a loop finite path}. 
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The above support D r (G : 52) is determined by the fact that (72(f) = g v 2 = 9v, 
for all v G V(G), and g2{l) = gs r i2 = gi, for all loop finite paths I in D r {G). Notice 
that the loop finite path in D r (G ) is the loop which is neither of the form w^ 1 w 
nor of the form w w -1 , by the reducing process (2.1). Assume now that w = v\ w 
V2 is a non-loop finite path in D r (G ) with v\ ^ V2 in V(G ). Then w 2 — (v\ w 
V2) (vi w V2) = 0, in D r (G ). Therefore, we can get that 

(3.12) I G (g 2 ) = J G - g 2 d» G - = £ M G - (S r (S?) U 6 r (S?)) . 

weD r (G':g 2 ) 

In general, we can get that; 

Proposition 3.3. Let g n (x) = g x n be the monomial on D r (G ). Then Iq (<?„) = 
Iq (172) , for all n G N \ {1}, where /g(S2) is given in (3.12). 



Proof. It suffices to show that the support D r {G : g n ) of g n and the support 
D r {G : g 2 ) of g 2 coincide, for all n G N \ {1}. It is easy to check that if w is in 
F + (G ), then w n exists in F + (G ) if and only if either w is a vertex or w is a loop 
finite path. So, the support of g n is 

D r (G' :g n ) = V(G)Uloop r (G), 

def 

where loop r (G) = {I G D r (G) : Z is a loop finite path}. Therefore, the support 
D r (G : g n ) is same as D r (G : 52)- Therefore, 

ic(gn) = E icigw) 

weD r (G~:g 2 ) 

= E ti G ~(5 r (S?)uS r (S?))- 

weD r (G':g 2 ) 



Theorem 3.4. Let g p = En=o a «S« ^ e a polynomial with go = 1, for a , ajy 
G M. TTien 

f3J3) 

J G (fc,) = a oMG - (r> r (G-))+ai ( E » G ~(6 r (S?)u5 r (S?))) 

\w£D r (G-) ) 

+ Ef= 2 ^ ( E mg- (<J r (sr) u<T(s-)) ] , 

\w£V(G)Uloo Pr (G) ) 

where loop r {G) = {I G Z? r (G ) : I is a loop finite path}. 
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Proof. Let g v be the given polynomial on F + (G ). Then the integral Ig (g P ) of g p 
is determined by; 

!g (9p) = J2n=0 a ^G (Sn) 

= aoIciX) + axle (gi) + J2k=2 a k I G (9k) 



since the constant function 1 has its support, D r (G ), and hence, since I G (g n ) 
= Ig (92) , for all n > 2, we can get that 



because the support D r (G : g 2 ) of g 2 is the union of V(G ) and loop r (G ), 
where loop r (G ) is the collection of all loop finite paths in D r (G ). | 

Corollary 3.5. Let w = V1WV2 be a finite path in D r (G ) with v\ ^ v 2 in V(G), and 
let 9 = E™=o a n9w, with 9w d - 1, wh ere o , a N e K, and g w is U r (S?)u6 r (S?)- 



I G (g) = a^ G - (D r (G~)) + a Wa - (8 r (S?) U 5 r (S?)) . 

Proof. Since w is a non-loop finite path, w k — 0, for all k 6 N \ {1}. Therefore, 
Sf U Sf = 0, for all k = 2, 3, N. This shows that I G (g k w ) = 0, for all k = 
2, 3, N. So, I G (g) = a I G (1) + oi J G (<?«,) • I 

Corollary 3.6. Lef u> = tiroi) 6e a loop finite path in D r (G ), with v E V(G ), and 
tet 9 = Elo a n9w> with 9w = !. w^ere o , o„ S M. T/ien 




+ E fe =2 °fc J G (52) 





TTien 



J G (5) = a /z G . (D r (G)) + E fe =i ^G- ($ r (S?) U <T(^)) . 



□ 
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Now, wc will consider the map <?_i defined by g-i(x) = g x -i = gs r . On D r (G ), 

the map g-i is well-determined, because, for any w £ F + (G ), there always exists 
w . Also, the admissibility of w^ 1 is preserved by that of w. This discussion says 
that the support D r (G : gs^) of g^ and the support D r (G : g$r _ i ) of g$r ^ arc 

same, i.e., If w is in D r (G ), then 

(3.14) D r (G : g w ) = D r (G : g w -i), for all w £ D r (G ). 
Futhermore, we can get that 

(3.15) D r (G~ : ff _r) = D r (G") = D r (G : 9l ), 

where gi(x) — g x , for all x £ D r (G ), since has its support D r (G ). 

Proposition 3.7. Let g_i be given as above. Then g_i is G -measurable and 
I G (g-i) - I G (.9i) • □ 

Similarly, we can conclude that; 

Proposition 3.8. Define g- n (x) = gs r _ n , for n £ N, for x £ D r (G ). Then 
Ig (g-n) = Ig 

Proof. Observe that if n > 2, then 

D r (G~ : g. n ) = D r (G : 3 _ 2 ) = V(G~) U loo Pr (G) = D r (G : g 2 ). 

So, I G {g-n) = I G (.9-2) = Ig (.92) • By the previous proposition, I G (.9-1) = 
Ig (gi) ■ I 

So, we can consider the trigonometric polynomials on F+(G ). 

Theorem 3.9. Let gk and g-k be given as above, for all ft £ N, and let g = En=-M 
«n5n be a trigonometric polynomial, with g = 1, where N, M £ N. Then 

(3.16) I G (.9) = a Qf i G - (D r (G)) + (oi + a" 1 ) / G ( Sl ) 

+ En=-M a « 7 G (32) + EfeL 2 «fc 7 G (32) • 

Proof. Let g be the given trigonometric polynomial on D r (G ). Then 
Ig (.9) = Ig (E^=-jv a ™.9« ) = E^=-iv a « J G (ffn) 
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= J2nl-M a n J G (ffn) + a_lJ G (#-l) + a I G (g ) + ai/ G (#l) + EfcL 2 a k J G (.9k) 

= ErT=-M a « J G + aoM G - (A-(G)) + + ^f=i a kla (9k) 
by the previous proposition 

= a M G - (-Dr(G)) + (a_i + ai)/ G (.gi) + £~_L M a ™ J G (.92) + EfeLi a fc 7 G (32) 
by the fact that I G (g n ) = I G (g 2 ) , for all n € N \ {!}. | 



3.3. Examples. 

In this section, we will consider certain finite directed graphs. Let Ga be a tree 
with 

V(G\) = {vi,v 2 ,v s } and E(G A ) = {e x = v x e\v 2 , e 2 = vie 2 v z }. 
Let Ga be a circulant graph with 

{d = uieiu 2 , 1 
e 2 = w 2 e 2 «3, > • 
e3 = «3e3«i J 

Also, assume that the corresponding reduced diagram graph measures are un- 
weighted, i.e., 

W A = 1 = W A , 

where W\ and Wa are the weighting map on FP(G A ) and FP(G A ), respectively. 

Example 3.2. Consider Ga- We have that 

I G A (g Vl ) = M Ga ei, e2, ef 1 , e^ 1 }) = d({vx}) + A ({ei, e 2 , ej" \ e^ 1 }) 
= d(«i) + A" (ei) + A'(e 2 ) + A' (e" 1 ) + A' (e 2 x ) 

= 1 , 4 = 16 
3 ^ ^ 3 • 

!g a (9v 2 ) = fi G - A ({v 2 ,e 1 ,e^ 1 }) = d({v 2 }) + A' ({ei, e^ 1 }) 
= 1 + 2=1- 

Similarly, I Ga (g V3 ) = |. 
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I G A (ge 1 ) = h Ga ({vi,v 2 ,e 2 1 }) = d({vi,v 2 }) + A (C2 1 ) 

= | + 2 +1=3 = /ga j^). 

Similarly, Iq a (<7e 2 ) = 3 = Ig a (^e^ 1 ) ■ We have that 

D r (G A ) = {vi,V2, v 3 } U {ei, e 2 , ef 1 , e^ 1 }. 



^g a (51) = E j g a 

w£C r (G A ) 

= Ej=l !g a (g Vj ) + ELl J Ga (ft*) + Ei=l J G A (ffe- 1 ) 



56 
3 



(f + § + f) + (2 + 2) + (2 + 2) 
We aZso have that 

IGa (9n) = Ej=l J Ga (Suf) = T 1 3 1 3 _ X' 

for alln G N \ {1}, feecawse w; fc = 0, /or a« to G D FP {G A ) and k G N \ {1}, 
and D r (G A : g k ) = V(G A ) U Zoop r (G A ) = F(G A ). Therefore, 

icM = f + ^. 

where g p = E^=i 5" 7 ™^ So = 0, /or a// JVeN. 



Example 3.3. Consider the graph Ga- Then we have; 

Ig & (g Vl ) = Mg a ({*>i, ef \ ef 1 }) = d({ Vl }) + A ({ef \ ef 1 }) 



] ^ + 2L(e 1 ) + 2L(e 3 ) = l + 2 + 2 
= T- 

Similarly, Iq & (g V2 ) = — ^G a (#i> 3 ) • ^2/ ^ e existence of the circulant parts, 
we can have that 

Ig & (g ei ) = f = J Ga (ffej 1 ) . /° r 3 = 1, 2, 3. 
Let j = 1. 2%en / Ga (s ei ) = Mg a (^(^T) U <T(Sy)) , w/iere 
ST = {«2,e 2 } and S? = {v u ej" 1 , e 3 }, 

so, 

US? - {^2,er\e 2 ,e 3 }. 

TTras 
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j g & (ffej = Mg a ({vi,v 2 ,e 1 1 ,e 2 ,e 3 }) 

= d({v u v 2 }) + A~ ({er 1 ,e 2 ,e 3 }) 

= wm + ffeyf + L i^ 1 ) + L ^ + L ^ 
= | + | + i + i + i = ^. 

Now, consider the element I = e^ez in D r (G ). Then 
5 r {S\) = and <f - {«!,/}, 

so, 

<T(S/)UJ r (Sj) = {i;i,i}. 

Therefore, 

Ig± (9i)=»g~ ({vi,l}) = ^+L(l) 

- 4 . o _ 13 

— 3 ^ J — 3 ■ 



4. Subgraph Measure Theory 



In this chapter, we will consider a new measure on the finite directed graph. 
Throughout this chapter, let G be a finite directed graph and G , the corresponding 
shadowed graph and let F + (G ) be the free semigroupoid of G . Suppose H is a full 
subgraph of G. The shadowed graph H of H is also a subgraph of the shadowed 
graph G of G. So, canonically, we can construct the if -measures fx H , as in Chapter 
1, and the H -measure fi H - , as in Chapter 2. We restrict our interests to the H - 
measure fi H - . 

Definition 4.1. Let {G , (Iq~) be the reduced diagram graph measure space of G 
and let H be a full subgraph of G. Define the H -measure fi H - by dn U A H , where 

(ii) d H (s) d ^' e wm, 

veV(H)ns v 

for all S v C V{G~), and 

(4.2) A H (S FP ) d ^' E L(w)= E W(5 r Jf(8 r J, 

wGFP{H)nS F p w£FP{H)nS F p 
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for all S FP C Df p (G). 

By definition, the subgraph measure fi H - is the restricted measure /j, g - \o r (H') ■ 

Proposition 4.1. Let g w = ls r (S w )<jS r (S™) be the G -measurable function defined 
in Section 3.2, for each w £ D r (G ). Then graph integral Ig-.h (gw) of g w with 
respect to the subgraph measure n H - is determined by 

Ig:h( 9w ) =» H -(6 r (S?)US r (S?)) 

= Mg - {D r (H')n(5 r (S?)u5 r (S?))). 

□ 



5. Extended Graph Measures 



In this chapter, based on the graph measure construction in Chapter 2, we 
will consider the extended graph measuring. Throughout this chapter, let G be 
a finite directed graph and G , the shadowed graph and let F + (G ) and D r (G ) 
be the corresponding free semigroupoid of G and the reduced diagram set of G , 
respectively. As usual, let S r : F + (G ) — > D r (G ) be the reduced diagram map 
which is a surjection. By definition, the power set P(¥ + (G )) is a a-algebra of 
F+(G"). Indeed, 



(i) 0, F+(G") £ P(F+(G")) 

(ii) If S C F+(G~), then F+(G") \ S C F+(G^) 

(iii) If (S fe )fcLi C P(F+(G")) , then ur = i5 fe C F+(G"). 

We want to define a suitable measure on F+(G ). 



Definition 5.1. Define a measure fi on¥ + (G ) by d U u>, where d is the weighted 
degree measure on V(G ) defined in Chapter 2. i.e., 



d(S v ) = E 



degp) 



, |V(G)|' 

veSv 



and lo is the measure on FP(G ) defined by 



u(S FP )= E W(5 r w )f(5 r J, 

w^Sfp 
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where W and f are the weighting map and the reduced diagram length map 
defined on D r (G ), in Chapter 2. The measure fi is called the (extended) graph 
measure on¥ + (G ). 

It is easy to check that /i is a measure on F + (G ). Remark the difference between 
/i G - on D r (G ) and fj, on F + (G ). A difference between /i and /x G - is recognized by 
the following example. Suppose I is a loop-edge in E{G ) and let Si = {1} and S 2 
= {I 2 }. Then the union S = Si U S 2 is in F+(G"), but S is not in D r (G~). So, the 
measure [i G -(S) is undefined. However, it is defined on S r (S) — {<5[, <5[ 2 } = {I}. 
Moreover, we have that 

» G -(5 r (S)) =» G -(5 r (Si)u5 r (S 2 )) 
= A(5 r (Si)u5 r (S 2 )) 
= A({l}U{l}) = A({l}) = W(l) 

and 

H (S) = fi(Si U S 2 ) = n({l, I 2 }) = w ({I, I 2 }) 
= cj({l})+cj({l = 6^}) = 2W(l). 

This difference shows us that the measure (j, is not bounded, in general. However, 
this measure /x is locally bounded in the sense that fi(S) < 00, for all finite subsets 
S in F+(G"). 

Proposition 5.1. The extended graph measure fj, on F + (G ) is a locally bounded 
positive measure. □ 



Definition 5.2. The triple (F+(G ), P(F+(G )) , it) is called the extended graph 
measure space (in short, ^-measure space). For convenience, we denote it by (G , 

aO- 

In the following section, we will show that the similar integration theory holds 
for the extended graph measure like in Chapter 3. 



5.1. Integration on Graphs. 

In this section, we will define the integrals of the given /z-measurable functions, 
with respect to the extended graph measure /x. First, let 

(5-1) 9 - ££=i a n l Sn , for all S n C F+(G"), 
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where a\, aw £ K, be a simple function. Then the integral I M (<?) of g with 
respect to is defined by 

(5.2) I G {g) de = te J G - g d[i d = J2n=i a « K S n)- 

Since /i — dliuj, the definition (5.2) can be rewritten as 

= Etianf E ffSr+ E wTO/raV 

On the set of all simple functions, we can determine the "almost everywhere" 
relation (in short, "a.e" relation). 



Proposition 5.2. Let g\ = Ej=i ^-Sj an d .92 = EHi I? 1 ; &e simple functions, 
where Sj 's and Ti 's are subsets of¥ + (G ). Suppose that Sj 's are mutually disjoint 
and also Ti 's are mutually disjoint. If U™ =1 Sj — U™ =1 Ti in F + (G ), then I{gi) = 
1(92)- 



Proof. Observe that 



and 



J(si) = E"=i E wm + E 



Since {5j}™ =1 and {TJ™ x are disjoint families of P (F+(G")) , 



and 



En dc gQ) _ degp) 

Em deg(^) _ v-^ deg(v) 

i=i E fM" E 



by the mutually disjointness on {>Sj,v}" = i and {T^y}?^. Similarly, by the mu- 
tually disjointness of {Sj } Fp}J = i and {Ti^p}™ x and by (3.7), 

EU E «)= E "(6 r J 

and 

E™=i E «)= E <«• 

weT itFP weu™ =1 T iiFP 
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Therefore, we can conclude that I(gi) = 1(92), by (3.5). 



It is easy to check that, if gj = Efc=i a j^s^ k > f° r 3 = 1) 2, then we can have 

(5.3) I G ( gi + g 2 ) = I G {gi) + Ig{92) 

(5.4) I G (c ■ 9j ) = c ■ I G ( gj ), for all j = 1, 2. 

Now, let I5 and It be the characteristic functions, where S ^ T in P (F + (G )) 
Then we have that l s ■ 1 T — IsnT- 



Proposition 5.3. Let gj be given as above, for j = 1, 2. Then 



E wm+ E 



Proof. Observe that 

.91.92 = (ELi^.fe^i.J (Er=i a 2, l i5 2 , l ) 

= Efe,»=i °i,fc a 2,i • ls 2ji ) = Efe,i=i ai,fea2,»lsi, fc ns 2 , 4 

So, we have that 

(5.5) I(9i92) = EL=i a.i. k a 2 ,i n (Si,k n 5 2 ,i) • 

Consider 

m (5"i,fc n s 2 ,i) = d ((Si,* n s 2 ,i)v) + w ((Si, fc n S 2 ^ FP ) 

= d (S(l,fc),v (~1 S(2,%), v) + U (S(l,k),FP n S( 2 ,k),Fp) 

E + ^ «)■ 

"£'S(l,Ai),V n 'S(2,»),V TO 6S(i,k),FP n ^(2,i),FP 



Suppose that 51 and 32 are given as above and assume that the families {Si t k}k=i 
and {S 2i i}" =1 are disjoint family, i.e., 

(u£ =1 S 1;fe )n(u? =1 S 2ii ) = 0. 
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Then I{g\g2) = 0. 

Similar to Chapter 3, we can define a ^-measurable function g w , for all w G 

F+(G"), by 

g w = lsyusy, 

where 

Sf = {w' G ¥+(G") : ww 1 G F+(G~)} 

and 

S™ = {w" G ¥+(G ) : w"w G F+(G")}. 

Proposition 5.4. Let w G F+(G ) and assume that g w is the above ^-measurable 
map. Then 

(5.6) I(g w ) = ii (Sf U S?) , 

where Sf" and S™ are given in the previous paragraph. □ 

So, different from Chapter 3, if w is a loop finite path in F + (G ), then the integral 
I(g w ) of w is co, whenever the weight W(8 r w ) is large enough in the interval (0, 1), 
because both Sf and S™ contains w k , for all k G N. 

Let j be a /z-measurable function. Then the support F + (G : g) of g is well- 
defined. Define the monomial gk(w) — g w k on F + (G ), for k G N. Then 

F+(G" : 5l )=F+(G") 

and 

F+(G" : 5n ) = F(G")Utoof>(G"), 

for all n G N \ {1}, where 

loop(G ) d = f {I G F+(G") : I is a loop finite path}. 

So, by (5.6) and the supports, I(gk) = oo = 1(g), for k G N, in general, where g 
= SfcLo a * 9k is a polynomial, with g = 1. 

Define the /z-measurable map g- n (w) = g w -™, for all w; G F+(G ) and n G N. 
Then similar to Chapter 3, we have that 

(5.7) F+(G~ : <?_„) - F+(G" : g n ), for n G N. 

(5.8) F+(G~ : g± n ) = F+(G" : g 2 ), for all n G N \ {1}. 
By (5.7) and (5.8), we have the following proposition. 



MEASURE THEORY ON GRAPHS 



Proposition 5.5. I (g- n ) = I (<?n) , for all n 6 N. In particular, I (g± n ) = I 
for alln £ N \ {1}. □ 
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